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SEMI-FREDHOLM AND SEMI-BROWDER SPECTRA FOR C0-QUASI-SEMIGROUPS
A. TAJMOUATI , Y. ZAHOUAN
Abstract
In this paper, we describe the different spectra of the C0-quasi-semigroups by the spectra of their generators.
Specially, essential ascent and descent,Drazin invertible, upper and lower semi-Fredholm and semi-Browder
spectra.
keywords: C0-quasi-semigroup,C0-semigroup ,semi-Fredholm , ascent , descent spectrum , Drazin spec-
trum , ,semi-Browder spectrum.
1. Introduction
Let X be a complex Banach space and B(X) the algebra of all bounded linear operators on X . We denote
by Rg(T ), N(T ), ρ(T ) and σ(T ), respectively the range, the kernel, the resolvent and the spectrum of T ,
where σ(T ) = {λ ∈ C / λ−T is not bijective}. The function resolvent of T ∈ B(X) is defined for all λ ∈ ρ(T )
by R(λ, T ) = (λ− T )−1. The ascent and descent of an operator T are defined respectively by,
a(T ) = min{k ∈ N /N(T k) = N(T k+1)} ; d(T ) = min{k ∈ N /Rg(T k) = Rg(T k+1)}.
with the convention inf(∅) =∞.
The essential ascent and descent of an operator T are defined respectively by,
ae(T ) = min{k ∈ N / dim[N(T
k+1)/N(T k)] <∞} ; de(T ) = min{k ∈ N/ dim[Rg(T
k)/Rg(T k+1)] <∞}.
The ascent, descent , essential ascent and essential descent spectra are defined by,
• σa(T ) = {λ ∈ C / a(λ− T ) =∞} ; σd(T ) = {λ ∈ C / d(λ− T ) =∞}.
• σae(T ) = {λ ∈ C / ae(λ− T ) =∞} ; σde(T ) = {λ ∈ C / de(λ− T ) =∞}.
We say that a closed linear operator A is Drazin invertible if d(T ) = a(T ) = p <∞ and Rg(Ap) is closed.
The Drazin spectrum is
σD(T ) = {λ ∈ C / λ− T si not Drazin invertible}
The sets of upper and lower semi-Fredholm and their spectra are defined respectively by,
• Φ+(X) = {T ∈ B(X) / α(T ) := dim(N(T )) <∞ and Rg(T ) is closed}
σe+(T ) = {λ ∈ C / λ− T /∈ Φ+(X)}
• Φ−(X) = {T ∈ B(X) / β(T ) := codim(Rg(T )) = dim(X\Rg(T )) < +∞}
σe−(T ) = {λ ∈ C/λ− T /∈ Φ−(X)}.
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An operator T ∈ B(X) is called semi-Fredholm, in symbol T ∈ Φ±(X), if T ∈ Φ+(X) ∪ Φ−(X).
An operator T ∈ B(X) is called Fredholm, in symbol T ∈ Φ(X), if T ∈ Φ+(X) ∩ Φ−(X).
The essential and semi-Fredholm spectra are defined by,
• σe(T ) = {λ ∈ C/λ− T /∈ Φ(X)}
• σe±(T ) = {λ ∈ C/λ− T /∈ Φ±(X)}
The sets of upper and lower semi-Browder and their spectra are defined respectively by,
• Br+(X) = {T ∈ Φ+(X) / a(T ) < +∞} ; σBr+(T ) = {λ ∈ C/λ− T /∈ Br+(X)}
• Br−(X) = {T ∈ Φ−(X) / d(T ) < +∞} ; σBr−(T ) = {λ ∈ C/λ− T /∈ Br−(X)}
An operator T ∈ B(X) is called semi-Browder, in symbol T ∈ Br±(X), if T ∈ Br+(X) ∪Br−(X).
An operator T ∈ B(X) is called Browder, in symbol T ∈ Br(X), if T ∈ Br+(X) ∩Br−(X).
The semi-Browder and Browder spectra are defined by,
• σBr±(T ) = {λ ∈ C/λ− T /∈ Br±(X)}.
• σBr(T ) = {λ ∈ C/λ− T /∈ Br(X)}.
The theory of quasi-semigroups of bounded linear operators, as a generalization of semigroups of operators,
was introduced by Leiva and Barcenas [3] , [4] ,[5].Recently Sutrima , Ch. Rini Indrati and others [9] , there are
show some relations between a C0-quasi-semigroup and its generator related to the time-dependent evolution
equation.
Definition 1.1. [3] Let X be a complex Banach. The family {R(t, s)}t,s≥0 ⊆ B(X) is called a strongly
continuous quasi-semigroup (or C0-quasi-semigroup) of operators if for every t, s, r ≥ 0 and x ∈ X ,
(1) R(t, 0) = I, the identity operator on X,
(2) R(t, s+ r) = R(t+ r, s)R(t, r),
(3) lims−→0 ||R(t, s)x− x|| = 0 ,
(4) There exists a continuous increasing mapping M : [0; +∞[−→ [1; +∞[ such that ,
||R(t, s)|| ≤M(t+ s)
Definition 1.2. [3] For a C0-quasi-semigroup {R(t, s)}t,s≥0 on a Banach space X, let D be the set of all
x ∈ X for which the following limits exist,
lims→0+
R(0,s)x−x
s
and lims→0+
R(t,s)x−x
s
= lims→0+
R(t−s,s)x−x
s
, t > 0
• For t ≥ 0 we define an operator A(t) on D as A(t)x = lims→0+
R(t,s)x−x
s
The family {A(t)}t≥0 is called infinitesimal generator of the C0-quasi-semigroups {R(t, s)}t,s≥0.
• For each t ≥ 0 we define the resolvent operator of A(t) as R(λ,A(t)) = (λI − A(t))−1, with its
resolvent set ρ(A(t)).
Throughout this paper we denote T (t) and R(t, s) as C0-semigroups {T (t)}t≥0 and C0-quasi-semigroup
{R(t, s)}t,s≥0 respectively.We also denote D as domain for A(t) , t ≥ 0.
3Theorem 1.1. [9]
Let R(t, s) is a C0-quasi-semigroup on X with generator A(t) then,
(1) For each t ≥ 0 , R(t, .) is strongly continuous on [0; +∞[.
(2) For each t ≥ 0 and x ∈ X,
lims→0+
1
s
∫ s
0
R(t, h)xdh = x
(3) If x ∈ D , t ≥ 0 and t0, s0 ≥ 0 then, R(t0, s0)x ∈ D and
R(t0, s0)A(t)x = A(t)R(t0, s0)x
(4) For each s > 0 , ∂
∂s
(R(t, s)x) = A(t+ s)R(t, s)x = R(t, s)A(t+ s)x; x ∈ D.
(5) If A(.) is locally integrable, then for every x ∈ D and s ≥ 0,
R(t, s)x = x+
∫ s
0 A(t+ h)R(t, h)xdh.
(6) If f : [0; +∞[−→ X is a continuous, then for every t ∈ [0; +∞[
limr→0+
∫ s+r
s
R(t, h)f(h)xdh = R(t, s)f(s)
In the semigroups theory, if A is an infinitesimal generator of C0-semigroup with domain D(A) , then A
is a closed operator and D(A) is dense in X . These are is not always true for any C0-quasi-semigroups, see [9].
In [6],[7],[8],[10],[11], the authors have studied the different spectra of the C0-semigroups. In our paper
[13], we have studied ordinary , point , approximate point , residual , essential and regular spectra of the C0-
quasi-semigroups. In this paper, we continue to study C0-quasi-semigroups. We investigate the relationships
between the different spectra of the C0-quasi-semigroups and their generators, precisely the essential ascent
and descent, Drazin, upper and lower semi-Fredholm and semi-Browder spectra.
2. Main results
In [13] we have proved the following theorem,
Theorem 2.1. Let A(t) be the generator of the C0−quasi-semigroup (R(t, s))t,s≥0 . Then for all λ ∈ C and
all t, s ≥ 0 we have
(1) For all x ∈ X we have
(λ−A(t))Dλ(t, s)x = [e
λs −R(t, s)]x.
(2) For all x ∈ D we have
Dλ(t, s)(λ −A(t))x = [e
λs −R(t, s)]x.
With Dλ(t, s)x =
∫ s
0
eλ(s−h)R(t, h)xdh for all x ∈ X and t, s ≥ 0 is a bounded linear operator on X.
Proof. (1) For all x ∈ X we have
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R(0, r)Dλ(t, s)x = R(0, r)
∫ s
0
eλ(s−h)R(t, h)xdh
=
∫ s
0
eλ(s−h)R(0, r)R(t, h)xdh
And we obtain ,
lim
r→0+
R(0, r)Dλ(t, s)x−Dλ(t, s)x
r
= lim
r→0+
∫ s
0 e
λ(s−h)R(0, r)R(t, h)xdh −
∫ s
0 e
λ(s−h)R(t, h)xdh
r
=
∂
∂r
[∫ s
0
eλ(s−h)R(0, r)R(t, h)xdh
]
|r=0
Then limr→0+
R(0,r)Dλ(t,s)x−Dλ(t,s)x
r
exists.
And,
lim
r→0+
R(t, r)Dλ(t, s)x−Dλ(t, s)x
r
= lim
r→0+
∫ s
0
eλ(s−h)R(t, r)R(t, h)xdh −
∫ s
0
eλ(s−h)R(t, h)xdh
r
=
∂
∂r
[∫ s
0
eλ(s−h)R(t, r)R(t, h)xdh
]
|r=0
=
[∫ s
0
eλ(s−h)
∂
∂r
(R(t, r))R(t, h)xdh
]
|r=0
=
[∫ s
0
eλ(s−h)A(t+ r)R(t, r)R(t, h)xdh
]
|r=0
=
∫ s
0
eλ(s−h)A(t)R(t, h)xdh
Moreover,
lim
r→0+
R(t− r, r)Dλ(t, s)x−Dλ(t, s)x
r
= lim
r→0+
∫ s
0 e
λ(s−h)R(t− r, r)R(t, h)xdh −
∫ s
0 e
λ(s−h)R(t, h)xdh
r
=
∂
∂r
[∫ s
0
eλ(s−h)R(t− r, r)R(t, h)xdh
]
|r=0
=
[∫ s
0
eλ(s−h)
∂
∂r
(R(t− r, r))R(t, h)xdh
]
|r=0
=
[∫ s
0
eλ(s−h)A(t)R(t − r, r)R(t, h)xdh
]
|r=0
=
∫ s
0
eλ(s−h)A(t)R(t, h)xdh
Thus , limr→0+
R(t,r)Dλ(t,s)x−Dλ(t,s)x
r
= limr→0+
R(t−r,r)Dλ(t,s)x−Dλ(t,s)x
r
5Hence, we deduce that Dλ(t, s)x ∈ D And ,
A(t)Dλ(t, s)x =
∫ s
0
eλ(s−h)A(t)R(t, h)xdh
=
∫ s
0
eλ(s−h)A(t+ h)R(t, h)xdh, because A(t+ h) = A(t)for all t, h ≥ 0.
=
∫ s
0
eλ(s−h)
∂
∂h
(R(t, h))xdh
=
[
eλ(s−h)R(t, h)
]s
0
+ λ
∫ s
0
eλ(s−h)R(t, h)xdh
= R(t, s)x− eλsx+ λDλ(t, s)x
Finaly , (λ−A(t))Dλ(t, s)x = [e
λs −R(t, s)]x for all x ∈ X .
(2) For all x ∈ D and all t, s ≥ 0 we have ,
Dλ(t, s)A(t)x =
∫ s
0
eλ(s−h)R(t, h)A(t)xdh
=
∫ s
0
eλ(s−h)R(t, h)A(t+ h)xdh
=
∫ s
0
eλ(s−h)
∂
∂r
(R(t, h))xdh
=
[
eλ(s−h)R(t, h)
]s
0
+ λ
∫ s
0
eλ(s−h)R(t, h)xdh
= R(t, s)x− eλsx+ λDλ(t, s)x
Thus, we deduce for all x ∈ D(A) Dλ(t, s)(λ −A(t))x = [e
λs −R(t, s)]x.

Corollary 2.1. Let A(t) be the generator of a C0-quasi-semigroup (R(t, s))t,s≥0 . Then for all λ ∈ C ,
t, s ≥ 0 and n ∈ N ,
(1) For all x ∈ X ,
(λ −A(t))n[Dλ(t, s)]
nx = [eλs −R(t, s)]nx.
(2) For all x ∈ Dn (Domain of A(t)n) ,
[Dλ(t, s)]
n(λ−A(t)n)x = [eλs −R(t, s)]nx.
(3) N [λ−A(t)] ⊆ N [eλs −R(t, s)].
(4) Rg[eλs −R(t, s)] ⊆ Rg[λ−A(t)].
(5) N [λ−A(t)]n ⊆ N [eλs −R(t, s)]n.
(6) Rg[eλs −R(t, s)]n ⊆ Rg[λ−A(t)]n.
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Proof. follow easily from ,
eλsx−R(t, s)x = (λ−A(t))Dλ(t, s)x
= Dλ(t, s)(λ−A(t))x

To obtain the results concerning the semi-Fredholm and semi-Browder spectra we need the following
theorem.
Theorem 2.2. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0 on
a Banach space X . Then for all λ ∈ C and all t, s ≥ 0 we have,
(1) (λ − A(t))Lλ(t, s) + ϕλ(s)Dλ(t, s) = φλ(s)I, where Lλ(t, s) =
∫ s
0 e
−λhDλ(t, h)dh , ϕλ(s) = e
−λs
and φλ(s) = s.
Moreover, the operators Lλ(t, s), Dλ(t, s) and (λ−A(t)) are mutually commuting.
(2) For all n ∈ N∗, there exists an operator Dλ,n(t, s) ∈ B(X) such that,
(λ−A(t))n[Lλ(t, s)]
n +Dλ,n(t, s)Dλ(t, s) = s
n.
Moreover, the operator Dλ,n(t, s) is commute with each one of Dλ(t, s) and Lλ(t, s).
(3) For all n ∈ N∗, there exists an operator Kλ,n(t, s) ∈ B(X) such that,
(λ−A(t))nKλ,n(t, s) + [Dλ,n(t, s)]
n[Dλ(t, s)]
n = sn
2
.
Moreover, the operator Kλ,n(t, s) is commute with each one of Dλ(t, s) and Dλ,n(t, s).
Proof. (1) Let µ ∈ ρ(A(t)). By theorem 2.2, for all x ∈ X we have Dλ(t, h)x ∈ D and hence,for all
t, s ≥ 0,
Lλ(t, s)x =
∫ s
0
e−λhDλ(t, h)xdh
=
∫ s
0
e−λhR(µ,A(t))(µ −A(t))Dλ(t, h)xdh, where R(µ,A(t)) is the resolvent of A(t)
= R(µ,A(t))[µ
∫ s
0
e−λhDλ(t, h)xdh −
∫ s
0
e−λhA(t)Dλ(t, h)xdh] (R(µ,A(t)) is bounded)
= R(µ,A(t))[µLλ(t, s)x−
∫ s
0
e−λhA(t)Dλ(t, h)xdh]
Therefore for all x ∈ X , we have Lλ(t, s)x ∈ D and
(µ−A(t))Lλ(t, s)x = µLλ(t, s)x −
∫ s
0
e−λhA(t)Dλ(t, h)xdh.
Thus
A(t)Lλ(t, s)x =
∫ s
0
e−λhA(t)Dλ(t, h)xdh.
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(λ −A(t))Lλ(t, s)x = λLλ(t, s)x−
∫ s
0
e−λhA(t)Dλ(t, h)xdh
= λLλ(t, s)x−
∫ s
0
e−λh
[
λDλ(t, h)x− e
λhx+R(t, h)x
]
dh (Theorem 2.2)
= λLλ(t, s)x− λ
∫ s
0
e−λhDλ(t, h)xds+
∫ s
0
x−
∫ s
0
e−λshR(t, h)xdh
= λLλ(t, s)x− λLλ(t, s)x + sx− e
−λs
∫ s
0
eλ(s−h)R(t, h)xdh
= sx− e−λsDλ(t, s)x
=
[
φλ(s)− ϕλ(s)Dλ(t, s)
]
x,
where φλ(s) = s and ϕλ(s) = e
−λs.
Therefore, we obtain (λ−A(t))Lλ(t, s) + ϕλ(s)Dλ(t, s) = φλ(s)I.
On the other hand,for all s > t < r ≥ 0 we have ,R(t, s)R(t, r) = R(t−s, s)R(t, r) = R(t−s−r, s+r)
and R(t, r)R(t, s) = R(t− r, r)R(t, s) = R(t− r− s− r, s+ r) Then R(t, s)R(t, r) = R(t, r)R(t, s) for
all s, t, r ≥ 0, then Dλ(t, h)R(t, s) = R(t, s)Dλ(t, h).
Hence
Dλ(t, s)Dλ(t, r) =
∫ s
0
eλ(s−h)R(t, h)Dλ(t, r)dh
=
∫ s
0
eλ(s−h)Dλ(t, r)R(t, h)dh
= Dλ(t, r)
∫ s
0
eλ(s−h)R(t, h)dh
= Dλ(t, r)Dλ(t, s).
Thus, we deduce that
Dλ(t, s)Lλ(t, s) = Dλ(t, s)
∫ s
0
e−λhDλ(t, h)dh
=
∫ t
0
e−λsDλ(t, s)Dλ(t, h)dh
=
∫ s
0
e−λhDλ(t, h)Dλ(t, s)dh
=
∫ s
0
e−λhDλ(t, h)dhDλ(t, s)
= Lλ(t, s)Dλ(t, s).
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Since for all x ∈ X , A(t)Lλ(t, s)x =
∫ s
0 e
−λhA(t)Dλ(t, h)xdh and for all x ∈ D, A(t)Dλ(t, h)x =
Dλ(t, h)A(t)x, then we obtain for all x ∈ D,
(λ−A(t))Lλ(t, s)x = λLλ(t, s)x −A(t)Lλ(t)x
= λLλ(t, s)x −
∫ s
0
e−λhA(t)Dλ(t, h)xdh
= λLλ(t, s)x −
∫ s
0
e−λhDλ(t, h)A(t)xdh
= λLλ(t, s)x − Lλ(t, s)A(t)x
= Lλ(t, s)(λ− A(t))x.
(2) For all n ∈ N∗, we obtain
[(λ−A(t))Lλ(t, s)]
n = [s− ϕλ(s)Dλ(t, s)]
n
=
n∑
i=0
Cins
n−i[−ϕλ(s)Dλ(t, s)]
i
= sn +
n∑
i=1
Cins
n−i[−ϕλ(s)Dλ(t, s)]
i
= sn −Dλ(t, s)
n∑
i=1
Cins
n−i[ϕλ(s)]
i[−Dλ(t, s)]
i−1
= sn −Dλ(t, s)Dλ,n(t, s),
where
Dλ,n(t, s) =
n∑
i=1
Cins
n−i[ϕλ(s)]
i[−Dλ(t, s)]
i−1.
Therefore, we have
(λ−A(t))n[Lλ(t, s)]
n +Dλ(t, s)Dλ,n(t, s) = s
n.
Finally, for commutativity, it is clear that Dλ,n(t, s) commute with each one of Dλ(t, s) and Lλ(t, s)
since the operators Lλ(t, s), Dλ(t, s) and (λ−A(t)) are mutually commuting from (1).
(3) Since we have Dλ(t, s)Dλ,n(t, s) = s
n − (λ−A(t))n[Lλ(t, s)]
n, then for all n ∈ N
[Dλ(t, s)Dλ,n(t, s)]
n =
[
sn − (λ− A(t))n[Lλ(t, s)]
n
]n
= sn
2
−
n∑
i=1
Cin
[
sn
]n−i[
(λ−A(t))n[Lλ(t, s)]
n
]i
= sn
2
− (λ−A(t))n
n∑
i=1
Cin
[
sn(n−i)(λ−A(t))n(i−1)[Lλ(t, s)]
ni
= sn
2
− (λ−A(t))nKλ,n(t, s),
where Kλ,n(t, s) =
∑n
i=1 C
i
ns
n(n−i)(λ−A(t))n(i−1)[Lλ(t, s)]
ni. Hence, we obtain
[Dλ(t, s)]
n[Dλ,n(t, s)]
n + (λ−A(t))nKλ,n(t, s) = s
n2 .
9Finally, the commutativity is clear.
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We start by this result.
Proposition 2.1. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0
on a Banach space X. If Rg[eλs −R(t, s)]n is closed, then Rg[λ−A(t)]n is also closed.
Proof. Let (yn)n∈N ⊆ X such that yn → y ∈ X and there exists (xn)n∈N ⊆ D satisfying
(λ−A(t))nxn = yn.
By theorem 2.2, for all n ∈ N∗, there exists Dλ,n(t, s), Kλ,n(t, s) ∈ B(X) such that,
(λ−A(t))nKλ,n(t, s) + [Dλ,n(t, s)]
n[Dλ(t, s)]
n = sn
2
.
Hence, we conclude that
[eλs −R(t, s)]n[Dλ,n(t, s)]
nxn = Dλ(t, s)
n(λ−A(t))n[Dλ,n(t, s)]
nxn , (by theorem 2.1)
= [Dλ,n(t, s)]
nDλ(t, s)
n(λ−A(t))nxn
= [Dλ,n(t, s)]
nDλ(t, s)
nyn
= sn
2
yn − (λ−A(t))
nKλ,n(t, s)yn.
Thus,
sn
2
yn − (λ−A(t))
nKλ,n(t, s)yn ∈ Rg[e
λs − R(t, s)].
Therefore, since Rg[eλs−R(t, s)]n is closed, Kλ,n(t, s) is bounded linear and s
n2yn− (λ−A(t))
nKλ,n(t, s)yn
converges to sn
2
y − (λ−A(t))nKλ,n(t, s)y, we conclude that
sn
2
y − (λ−A(t))nKλ,n(t, s)y ∈ Rg[e
λs −R(t, s)].
Then there exists z ∈ X such that
[eλs −R(t, s)]nz = sn
2
y − (λ−A(t))nKλ,n(t, s)y.
Hence for all s 6= 0, we have
y =
1
sn2
[[eλs −R(t, s)]nz + (λ− A(t))Lλ(t, s)y];
=
1
sn2
[(λ−A(t))nDλ(t, s)
nz + (λ−A(t))nKλ,n(t, s)y];
=
1
sn2
(λ−A(t))n[Dλ(t, s)
nz +Kλ,n(t, s)y].
Finally, we obtain
y ∈ Rg(λ−A(t))n.

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The following result discusses the semi-Fredholm spectrum.
Theorem 2.3. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0 on
a Banach space X. For all λ ∈ C and all t, s ≥ 0, we have
(1) eσe+ (A(t))s ⊆ σe+(R(t, s));
(2) eσe− (A(t))s ⊆ σe−(R(t, s));
(3) eσe±(A(t))s ⊆ σe±(R(t, s)).
Proof. (1) Suppose that eλs /∈ σe+(R(t, s)), then there exists n ∈ N such that α[e
λs − R(t, s)] = n and
Rg[eλs −R(t, s)] is closed.
By theorem 2.1, we obtain
N(λ−A(t)) ⊂ N [eλs −R(t, s)],
then
α(λ−A(t)) ≤ n.
On the other hand, from Proposition 2.1, we deduce that Rg(λ−A(t)) is closed.
Therefore λ−A(t) ∈ Φ+(D), Thenλ /∈ σe+(A(t)).
(2) Suppose that eλs /∈ σe−(R(t, s)), then there exist n ∈ N such that β[e
λs −R(t, s)] = n.
By theorem 2.1, we obtain
Rg[eλs −R(t, s)] ⊆ Rg(λ−A(t)),
then β(λ −A(t)) ≤ n and hence, λ /∈ σe−(A(t))
(3) It is automatic by the previous assertions of this theorem.

Proposition 2.2. Let A(t) be the generator of a C0-quasi-semigroup (R(t, s))t,s≥0. For all λ ∈ C and all
t, s ≥ 0,we have
(1) If d[eλs −R(t, s)] = n, then d[λ−A(t)] ≤ n.
(2) If a[eλs −R(t, s)] = n, then a[λ−A(t)] ≤ n.
Proof.
(1) Let y ∈ Rg[λ−A(t)]n, then there exists x ∈ Dn (domain of A(t)n) satisfying,
(λ− A(t))nx = y.
Since d[eλs − R(t, s)] = n, therefore Rg[eλs − R(t, s)]n = Rg[eλs − R(t, s)]n+1. Hence, there exists
z ∈ X such that
[eλs −R(t, s)]nx = [eλs −R(t, s)]n+1z.
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On the other hand, by theorem 2.2, we have,
(λ−A(t))nKλ,n(t, s) + [Dλ,n(t, s)]
n[Dλ(t, s)]
n = sn
2
,
Thus we have,
sn
2
y = (λ−A(t))nsn
2
x
= (λ−A(t))n[(λ−A(t))nKλ,n(t, s) + [Dλ,n(t, s)]
n[Dλ(t, s)]
n]x
= (λ−A(t))n(λ−A(t))nKλ,n(t, s)x + [Dλ,n(t, s)]
n(λ −A(t))n[Dλ(t, s)
n]x
= (λ−A(t))2nKλ,n(t, s)x+ [Dλ,n(t, s)]
n[eλs −R(t, s)]nx
= (λ−A(t))2nKλ,n(t, s)x+ [Dλ,n(t, s)]
n[[eλs −R(t, s)]n+1z]
= (λ−A(t))2nKλ,n(t, s)x+ [Dλ,n(t, s)]
n[(λ−A(t))n+1[Dλ(t, s)]
n+1z]
= (λ−A(t))n+1[(λ−A(t))n−1Kλ,n(t, s)x + [Dλ,n(t, s)]
n[Dλ(t, s)]
n+1z].
Therefore, we conclude that y ∈ Rg[λ−A(t)]n+1 and hence,
Rg[λ−A(t)]n = Rg[λ−A(t)]n+1.
Finally, we conclude that
d(λ−A(t)) ≤ n.
(2) Let x ∈ N(λ−A(t))n+1 and we suppose that a[eλs −R(t, s)] = n, then we obtain
N [eλs −R(t, s)]n = N [eλs −R(t, s)]n+1.
From Corollary 2.1, we have
N(λ−A(t))n+1 ⊆ N [eλs −R(t, s)]n+1,
hence
x ∈ N [eλs −R(t, s)]n.
Thus we have,
sn
2
(λ−A(t))nx = (λ−A(t))n[(λ−A(t))nKλ,n(t, s) + [Dλ,n(t, s)]
n[Dλ(t, s)]
n]x
= (λ−A(t))2nKλ,n(t, s)x+ [Dλ,n(t, s)]
n(λ−A(t))n[Dλ(t, s)]
nx
= Kλ,n(t, s)(λ −A(t))
n−1(λ−A(t))n+1x+ [Dλ,n(t, s)]
n[eλs −R(t, s)]nx
= Kλ,n(t, s)(λ −A(t))
n−1(λ−A(t))n+1x+ [Dλ,n(t, s)]
n[eλs −R(t, s)]nx
= 0.
Therefore, we obtain x ∈ N(λ−A(t))n and hence
a(λ−A(t)) ≤ n.
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
Corollary 2.2. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0
on a Banach space X. For all λ ∈ C and all t, s ≥ 0, we have
(1) eσa(A(t))s ⊆ σa(R(t, s));
(2) eσd(A(t))s ⊆ σd(R(t, s)).
(3) eσD(A(t))s ⊆ σD(R(t, s)).
Proof. Immediately comes from propositions 2.2 and 2.1 . 
The following theorem examines the semi-Browder spectrum.
Theorem 2.4. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0 on
a Banach space X. For all λ ∈ C and all t, s ≥ 0, we have
(1) eσBr+ (A(t))s ⊆ σBr+(R(t, s));
(2) eσBr− (A(t))s ⊆ σBr−(R(t, s));
(3) eσBr± (A(t))s ⊆ σBr±(R(t, s)).
Proof. (1) Suppose that eλs /∈ σBr+(R(t, s)), then there exist n,m ∈ N such that α[e
λs − R(t, s)] = m,
Rg[eλs −R(t, s)] is closed and a[eλs −R(t, s)] = n. From Corollary 2.1 and Propositions 2.1 and 2.2,
we obtain
α(λ −A(t)) ≤ m, Rg(λ−A(t)) is closed and a(λ−A(t)) ≤ n.
Therefore λ−A(t) ∈ Φ+(D) and a(λ−A(t)) < +∞ and hence, λ /∈ σBr+(A).
(2) Suppose that eλs /∈ σBr−(R(t, s)), then there exist n,m ∈ N such that β[e
λs − R(t, s)] = m and
d[eλs − R(t, s)] = n. By corollary 2.1 and Proposition 2.2, we obtain
β(λ−A(t)) ≤ m and d(λ−A(t)) ≤ n.
Therefore λ−A(t) ∈ Φ−(D) and d(λ−A(t)) < +∞ and hence, λ /∈ σBr−(A(t)).
(3) It is automatic by the previous assertions of this theorem.

Proposition 2.3. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0
on a Banach space X. For all λ ∈ C and all t, s ≥ 0, we have
(1) If de[e
λs −R(t, s)] = n, then de[λ−A(t)] ≤ n;
(2) If ae[e
λs −R(t, s)] = n, then ae[λ−A(t)] ≤ n.
Proof. (1) Suppose that de[e
λs − R(t, s)] = n, Since Rg[eλs − R(t, s)]n ⊆ Rg(λ − A(t))n we define the
linear surjective application φ by
φ : Rg(λ−A(t))n → Rg[eλs −R(t, s)]n/Rg[eλs −R(t, s)]n+1,
y = (λ −A(t))nx 7→ [eλs −R(t, s)]nx+Rg[eλs −R(t, s)]n+1.
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Thus, by isomorphism Theorem, we obtain
Rg(λ−A(t))n/N(φ) ≃ Rg[eλs −R(t, s)]n/Rg[eλs −R(t, s)]n+1.
Therefore
dim(Rg(λ−A(t))n/N(φ)) = de[e
λs −R(t, s)] = n.
And since N(φ) ⊆ Rg[eλs −R(t, s)]n+1 ⊆ Rg(λ−A(t))n+1, then
Rg(λ−A(t))n/Rg(λ−A(t))n+1 ⊆ Rg(λ−A(t))n/N(φ).
Finally, we obtain
de(λ−A(t)) = dim(Rg(λ−A(t))
n/R(λ−A(t))n+1) ≤ dim(Rg(λ−A(t))n/N(φ)) = n.
(2) Suppose that
ae[e
λs −R(t, s)] = n.
And since N(λ−A)n+1 ⊆ N [eλs −R(t, s)]n+1, we define the linear application ψ by
ψ : N(λ−A(t))n+1 → N [eλs −R(t, s)]n+1/N [eλs −R(t, s)]n,
x 7→ x+N [eλs −R(t, s)]n.
Thus, by isomorphism Theorem, we obtain
N(λ−A(t))n+1/N(ψ) ≃ Rg(ψ) ⊆ N [eλs −R(t, s)]n+1/N [eλs −R(t, s)]n.
Therefore
dim(N(λ−A)n+1/N(ψ)) ≤ ae[e
λs −R(t, s)] = n.
And since N(ψ) ⊆ N [eλs −R(t, s)]n ⊆ Rg(λ−A(t))n, then
N(λ−A(t))n+1/N(λ−A(t))n ⊆ N(λ−A(t))n+1/N(ψ).
Finally, we obtain
ae(λ−A) = dim(N(λ−A(t))
n+1/N(λ−A(t))n) ≤ dim(N(λ−A(t))n+1/N(ψ)) ≤ n.

We will discuss in the following result the essential ascent and descent spectrum.
Theorem 2.5. Let A(t) be a closed and densely defined generator of a C0−quasi-semigroup (R(t, s))t,s≥0 on
a Banach space X. For all λ ∈ C and all t, s ≥ 0, we have
(1) eσae (A(t))s ⊆ σae(R(t, s));
(2) eσde (A(t))s ⊆ σde(R(t, s)).
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Proof. (1) Suppose that , eλs /∈ σae(R(t, s)). Then there exists n ∈ N satisfying
ae[e
λs −R(t, s)] = n.
Therefore, by Proposition 2.3, we obtain ae[λ−A(t)] ≤ n and hence
λ /∈ σae(A(t)).
(2) Suppose that
eλs /∈ σde(R(t, s)).
Then there exists n ∈ N satisfying
de[e
λs −R(t, s)] = n.
Therefore, by Proposition 2.3, we obtain de[λ−A(t)] ≤ n and hence λ /∈ σde(A(t)).

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